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(^ ■ 1. Introduction 

^' 

f—^ , This paper is concerned mainly with a characterization of Besov spaces on the Heisenberg group using 

• ' the heat kernel. In 1 , a Littlewood-Paley decomposition on the Heisenberg group is constructed, and 

^r , Besov spaces are defined using that decomposition. It is classical that in R'' there is an equivalent 

QQ ' definition, for negative regularity indexes, in terms of the heat kernel. This characterization in M.'^ 

(— ^ , can be extended to positive regularity indexes thanks to Bernstein's inequalities which express that 

derivatives act almost as homotheties on distributions, the Fourier transform of which is supported in 
a ring of R'* centered at zero. 

X 

^ ' The aim of this text is to present a similar characterization of Besov spaces on H'' using the heat flow. 

. 5t 1 One of the main steps of the procedure in R'^ consists in studying frequency localized functions and 

the action of derivatives, and more generally Fourier multipliers, on such functions (the correponding 
inequalities for derivatives are known as Bernstein inequalities). In the Heisenberg group there is a 
priori no simple notion of frequency localization, since the Fourier transform is a family of operators 
on a Hilbert space; however frequencies may be understood by studying the action of the Laplacian 
on a Hilbertian basis of that space, which allows to define a notion of frequency localization (see 
Definition [T51 below) . One can then try to investigate the action of the semi-group of the heat equation 
on the Heisenberg group on such frequency localized functions. That is achieved in this paper; we 
also prove a similar characterization of Besov spaces in terms of the heat flow, as in the classical K"^ 
case. This allows to prove refined Sobolev inequalities, for W'^'P spaces. Finally we are able by similar 
techniques to recover the fact that the heat semi-group is the convolution by a function in the Schwartz 
class (as in previous works by Gaveau in [F' and Hulanicki in [5]). 

Let us mention that by a different method, Furioli, Melzi and Veneruso obtained in ^ a characterization 
of Besov spaces in terms of the heat kernel for Lie groups of polynomial growth. 



2 H. Bahouri and I. Gallagher 

1.1. The Heisenberg group H'* 

In this introductory section, let us recall some basic facts on the Heisenberg group H'*. The Heisenberg 
group H'' is the Lie group with underlying C* x R endowed with the following product law: 

V ((z, s), (z', s')) e H'^ X H'^, (z, s) ■ (z', s') ^{z + z',s + s' + 2Im(z • z')), 

where z-^' = J2j=i ^j'^'j- I^ follows that H'' is a non commutative group, the identity of which is (0,0); 
the inverse of the element (z, s) is given by (z, s)~^ = i~z^ ~^)- The Lie algebra of left invariant vector 
fields on the Heisenberg group H'' is spanned by the vector fields 

Zj = dzj + izjds, Zj = dz- - izjds and S = ds = —[Zj, Zj], 

with j G {1, . . . , d}. In all that follows, we shall denote by Z the family of vector fields defined by Zj 
for j G {1, . . . ,d} and Zj = Zj^^l for j e {d + 1, . . . , 2d} and for any multi-index a G {!,..., 2d}^ , we 
will write 

Z"'i'z„,...Z„,. (1.1) 

The space H'' is endowed with a smooth left invariant measure, the Haar measure, which in the 
coordinate system (x,y, s) is simply the Lebesgue measure dxdyds. 

Let us point out that on the Heisenberg group H'', there is a notion of dilation defined for a > 

by 5a{z^ s) = {az, a^s). The homogeneous dimension of H'* is therefore N = 2d+ 2, noticing that the 
Jacobian of the dilation Sa is a^ . 

The Schwartz space 5(H'') on the Heisenberg group is defined as follows. 

Definition 1. The Schwartz space S{M'^) is the set of smooth functions u on W^ such that, for any fc G N, 
we have 

\\u\\k,s =^ sup |Z" ((|z|2 - is)f^u{z, s)) I < oo. 

|Q|<fc 

Remark 2. The Schwartz space on the Heisenberg group S{W^) coincides with the classical Schwartz 
space S{S?'^^^). The weight in {z,s) appearing in the definition above is related to the fact that the 

Heisenberg distance to the origin is defined by p{z, s) ~ (|z| + s ) * . 

Finally, let us present the Laplacian-Kohn operator, which is central in the study of partial differential 
equations on H'', and is defined by 

d 

^H<i = 2 2_^(ZjZj + ZjZj). 

Powers of that operator allow to construct positive order Sobolev spaces: for example we define the 
homogeneous space W^'P{I¥''), for < s < N/p, as the completion of 5(13'') for the norm 

1.2. Statement of the results 

In [T] and [3] a dyadic unity partition is built on the Heisenberg group H'', similar to the one defined in 
the classical M** case. A significant application of this decomposition is the definition of Bcsov spaces 
on the Heisenberg group in the same way as in the classical case (see [1,3). In Section [2l we shall 
give a full account of this theory. 
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The main result of this paper describes the action of the semi-group associated with the heat equation 
on the Heisenberg group, on a frequency localized function. We refer to Definition [15] below for the 
notion of a frequency localized function, which requires the definition of the Fourier transform on H'', 
and is therefore slightly technical. 

Lemma 3. Let (ri,r2) be two positive real numbers, and define Ct,.-^j,2) ~ C(0, ri,r2) the ring centered 
at the origin, of small and large radius respectively ri and r2 ■ Two positive constants c and C exist 
such that, for any real number p € [1, cxd], any couple (t, (3) of positive real numbers and any function u 
frequency localized in the ring PC(,/rT,^/r^)? ™c have 

||e*^^^7.|Up(H.) < Ce-^'^"\\u\\L.iM^y (1.2) 

That lemma is the key argument in the proof of the following theorem which is well known in M'' and 
proved by a different method in [5] for Lie groups of polynomial growth. The definition of Besov spaces 
is provided in the next section. 

Theorem 4. Let s be a positive real number and {p,r) E [l,oo]^. A constant C exists which satisfies 
the following property. For u £ Bz^"^^ {Gfi) , we have 

C-^Mi3-l'm^)< ||i'e*'^«""||Lp(H-) ^^^^^^^<C\\u\\g-2s,^,y (1.3) 



Remark 5. Thanks to Bernstein's inequalities (see Provosition \20\ below), we have 

||u|lB,^^(ed) = sup ||(— Ajjci) 2u||^„_fc^^^^ . 
^'"^ \a\=k ''•'■ 

We deduce that the caracterization of Besov spaces on the Heisenberg group in terms of the heat kernel 
can be extended to any positive regularity index. 

This characterization is useful for instance to prove refined Sobolev inequalities. In this paper we will 
prove the following result. 

Theorem 6. Let p e [1, cxd] and < s < N/p be given. There exists a positive constant C such that for 
any function f in W^'P{W^) we have 

||/|iL9(H'') < C'||/||^;j^,"^jjj^ 11/11 " _JV , 

with q ~ pN/{N — p.s) . 

Remark 7. This is a refined Sobolev inequality since it is easy to see that W^'P{M.'^) is continuously 
embedded in Boo.<x>, so that Theorem\^is a refined version of the classical inequality 

\\f\\Li(W) < C'll/llw=,p(H<i)- 

The above continuous embedding is simply due to the following estimate, applied to u = (— Ajjd)4y; 

||u|| _N =supt^||e*'^Hrfu||i^(Hd) < C||u||ip(Hd). 

Note that in the special case when p — 2, such an inequality was proved in [3], using the method 
developped in the classical case in [7] . 

It turns out that the techniques involved in the proof of Lemma [3] enable us to recover the following 
theorem, which was proved (by different methods) by Gaveau in f6l and Hulanicki in [8]. 
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Theorem 8. There exists a function h e iS(H ) such that, if u denotes the solution of the free heat 
equation on the Heisenberg group 

dtU-A^dU ^ in R+ X H'*, , , 

U\t=o = Wo, 
then we have 

u{t,-) = UQ^ht 
where -k denotes the convolution on the Heisenberg group defined in Section\^ below, while ht is defined 
by 

The rest of this paper is devoted to the proof of Theorems [3] to [SJ as well as Lemraa |31 

The structure of the paper is the following. First, in Section[21 we present a short review of Littlewood- 
Paley theory on the Heisenberg group, giving the notation and results that will be used in the proofs, 
as well as the main references of the theory. Section [3] is devoted to the proof of Theorem SI assuming 
Lemma [31 and finally the proof of Lemma [3] can be found in Section 2] In Section [5] we also give the 
proofs of Theorems [5] and [51 



2. Elements of Littlewood-Paley theory on the Heisenberg group 

2.1. The Fourier transform on the Heisenberg group 

To introduce the Littlewood-Paley theory on the Heisenberg group, we need to recall the definition of 
the Fourier transform in that framework. We refer for instance to [TU], [TT] or [T2] for more details. 
The Heisenberg group being non commutative, the Fourier transform on H'^ is defined using irreducible 
unitary representations of H'*. As explained for instance in |12| Chapter 2, all irreducible representations 
of H'^ are unitarily equivalent to one of two representations: the Bargmann representation or the L^- 
representation. The representations on L^(]R'') can be deduced from Bargmann representations thanks 
to interlacing operators. We can consult J. Faraut and K. Harzallah 3] for more details. We shall 
choose here the Bargmann representations described by [u^^T-ix), with A € M\ {0}, where Tix are the 
spaces defined by 

Tix = {F holomorphic on C^, ||-F||-H;^ < oo}, 
while we define 

ll^ll?./- (^)7,/'""'"^l^(^)l''^^' (2.1) 

and u^ is the map from H'* into the group of unitary operators of Tix defined by 

u^^,F{i) = F{i - ^)e-^s+2\(i-z-\z\^/2) for A > 0, 
u^,F{C} = F{^ - ^)e*As-2A(5.^-|z|V2) foj. x<0. 

Let us notice that Tix equipped with the norm (|2.ip is a Hilbert space and that the monomials 



f„,,,„ . <V2W0:, oeN^ 



constitute an orthonormal basis. 

If / belongs to L^(H'*), its Fourier transform is given by 

•^(/)(A) =^ / f{z,s)ui,dzds. 



The heat kernel and frequency locahzed functions on the Heisenberg group 5 

Note that the function J-{f) takes its values in the bounded operators on Hx- As in the W^ case, one 
has a Plancherel Theorem and an inversion formula. More precisely, let A denote the Hilbert space of 
one-parameter families A — {^(A)};^gR\ /q} of operators on Tix which are Hilbert-Schmidt for almost 
every A € M with norm 

1 



/ nd-l (-oo \ 2 

^11 = (^^^y ^ii^(A)iiw.)i^i'^^j <°° 



where ||^(A)||/f5(f^^) denotes the Hilbert-Schmidt norm of the operator A{X). Then the Fourier trans- 
form can be extended to an isometry from L'^{M'^) onto A and we have the Plancherel formula: 



od— 1 roc 



td-l 



On the other hand, if 



a(zfqd-'-ox> 

then we have for almost every w, 



/oo 
mDWFcAnJXfdXK^ (2.2) 

_ -OO 



/H = ^m / tr (u^,.F(/)(A)) lAl^dA, (2.3) 



^d+i 

" J— oo 



where 

denotes the trace of the operator u^,_iJF(/)(A). 

Remark 9. The above hypothesis V2. S^) is satisfied in S{W^), where S{W^) is defined in Definition\T\ This 
follows from Proposition \1U\ which is proved for the sake of completeness, directly below its statement. 

Let us moreover point out that we have the following useful formulas, for any fc G {1, ..., d}. 

Denoting by Ife = (0, . . . , 1, . . . ) the vector whose k - component is one and all the others are zero, one 
has 



HZkf){X)Fo.,x = ~^mvW+^n.f)WFo.+H,x (2.4) 

if A > 0, and similarly 

TiZkf)iX)Fa,,x = V2R\/^^(/)(A)K-i,,A (2.5) 

if A < 0. Furthermore, 

JP(Z^/)(A)F„,A = yMMV^Hf)WFc.^u,x (2.6) 

if A > 0, and 



TiZkf){X)Fa,,x = -VmVW+^Hf)WFo.+H,x (2.7) 

if A < 0. Therefore, we have easily, for any p e K, 

^((-Ah.)''/)(A)F„,a = {MX\{2\a\+d)rj^{f){X)F^,x (2.8) 

and 

.F(e*^.'^/) (A)F„,, = e-*W^I(2|"l+'^))^(/)(A)F„,,. 

Using those formulas, we can prove the following proposition, which justifies Remark [9] stated above. 
The proof of this proposition is new to our knowledge. 
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Proposition 10. For any function f G 5(H), i2. 2]) is satisfied. More precisely, for any p > ^ , there 
exists a positive constant C such that 

E r l|.^(/)(A)F„.A|kJA|'*dA<c(||/|U.(H.) + ||(-AH.r/|Ui(H.)). 

Let us prove that result. By definition of 5(IEII'^), for any p e M, the function (— Ajjd)''/ belongs 
to ^(H''). Therefore, we can write, using (|2.8p . 

^(/)(A)F„,, -.F((-Ah.)-''(-Ah.)''/)(A)F„,, - (4|A|(2|a|+d))-''.F((-AH.)''/)(A)F„,,. 

But that implies that 



\\HI)WF.An>. = (4|A|(2|«| +d))-2''(^) / e-2|^ll?l^ Hi^^^.f f){\)F^,^{0 
According to the definition of the Fourier transform on the Heisenberg group, we thus have 

||nf)(A)^.,A|||,, - (4|A|(2|a|+d))-2p(M) 



'SlAI^-i / g-2|A||?|^ 



z' s' 



X / i{-A^dyfiz,s))u^^^^F^,xdzds ii-A^.)Pfiz',s'))u^^,^,F^^xdz'ds'W. 



Fubini's theorem allows us to write 

WnDWFcAn. = (4|A|(2|a|+d))-2p 



X / / {~Aad)Pf{z,s){-ABd)Pf{z',s'){u^,^^Fa,^x\u2,yFa,,x)nJzdsdz'ds'. 

Since the operators u^ ^ and u^, ^, are unitary on Tix and the family {F^^ is a Hilbert basis of 'Hx^ 
we deduce that 

ll^(/)(A)F„,,||^, < {A\\\{2\a\+d))-f\\{-A^.yfU^^^.y 

To conclude we decompose the integral on A into two parts, corresponding to "high and low" frequencies 
(the parameter |A|2 may be identified as a frequency, as will be clear in the next section - it is in fact 
already apparent in (|2.8p above). Thus denoting Am = (2m + d)\, we write 

E r \\HI)WFc.AnAX\'d\ < E f "'^j!" M (II/IUhh'') / lAi'dA 

+ (4(2m + d))-''||(-AH.)''/|Ui(H^) / lAr^lAI'^dA). 

"'|A„|>1 ^ 

This gives the announced result for p > N/2. The proposition is proved. □ 

Finally the convolution product of two functions / and g on W^ is defined by 

f-kg{w)^ / f{wv'^)g{v)dv ^ / f{v)g{v^^w)dv. 

It should be emphasized that the convolution on the Heisenberg group is not commutative. Moreover 
if P is a left invariant vector field on H'', then one sees easily that 

P{f^g)^f^Pg, (2.9) 

whereas in general P{f * (?) 7^ Pf * g. Nevertheless the usual Young inequalities are valid on the 
Heisenberg group, and one has moreover 

.F(/*g)(A)=.F(/)(A)o.F(5)(A). (2.10) 
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It turns out that for radial functions on the Heisenberg group, the Fourier transform becomes simplified 
and puts into light the quantity that will play the role of the frequency size. Let us first recall the 
concept of radial functions on the Heisenberg group. 

Definition 11. A function f defined on the Heisenberg group W^ is said to be radial if it is invariant 
under the action of the unitary group U{d) ofC^, which means that for any u G U{d), we have 

f{z,s)^f{u{z),s), V(z,s)eHf 

A radial function on the Heisenberg group can then be written under the form 

/(z,s) ^g{\z\,s). 

It can be shown (see for instance fW) that the Fourier transform of radial functions of L^(H'^), satisfies 
the following formulas: 

where 

RUX)=[ "'+^"' y J e^'^fiz,s)L^^-'H2\X\\z\')e-\'\l^l'dzds, 

and where Lm are Laguerre polynomials defined by 
Note that in that case 

||/|U.(H.) = ||(i?™)||L3(MxM) =M^E( "^^t^^ ^ I^JQ„.{Xr\Xfdx\ , (2.11) 

which corresponds to the Plancherel formula recalled above, in the radial case. We also have the 
following inversion formula: if i?,„ belongs to L'^(N x M) defined in (|2.1ip . then the function 

f{z,s) ^^J2 fe-''^RmiX)L(i-'H^\M\^\')e-^'^^'^^\\fdX (2.12) 

is a radial function in L'^{M'^) and satisfies 

^(/)(A)F«,A=i?|a|(A)F„,A- 

2.2. Littlewood-PcJey theory on the Heisenberg group 

Now we are ready to define the Littlewood-Paley decomposition on H''. We will not give any proof 
but refer to the construction in [T] and [3] for all the details. We simply recall that the key point in 
the construction of the Littlewood-Paley decomposition on H"^ lies in the following proposition proved 
in [1]. Note that Proposition [T2l enables one to show in particular that functions of — Ajjd may be seen 
as convolution operators by Schwartz class functions (a result proved by Hulanicki [8] in the case of 
general nilpotcnt Lie groups). 

Proposition 12. For any Q E I?(M \ {0}), the series 

g{z, s)^^Y. [ e-'''Q{{2m + rf)A)4^i' (2| A| |zp)e-l^ll^l^ \X\'dX 
converges in S{W^). 
The Littlewood-Paley operators are then constructed using the following proposition (see [T] and [5]). 



8 H. Bahouri and I. Gallagher 

Proposition 13. Define the ring Co == {t G M, | < \t\ < §} and the ball Bq ^ {t e R, \t\ < |}. Then 
there exist two radial functions R* and R* the values of which are in the interval [0,1], belonging 
respectively to V^Bq) and to 'D{Cq) such that 

WeR, R*{t) + ^R*{2-^^t) = 1 and Vt € M*, ^R*{2-'^^t) = 1, 
j>o jez 

and satisfying as well the support properties 

\p-q\>l^ supp i?;(2"2«-) n supp R*{2-^P-) = 

and q>l^ supp R* n supp R*{2^'^'^-) = 0. 
Moreover, there are radial functions o/5(IHI''), denoted ip and if such that 

T{^){\)F^,x = R;^\{\)F„,x and T{f){\)F„,x = i?f„|(A)F„,A, 

where we have noted R*-^(t) ~ R* {{2m + d)T) and R*^{t) — R*{{2m + d)T). 

Now as in the R'' case, we define Littlewood-Paley operators in the following way. 
Definition 14. The Littlewood-Paley operators Aj and Sj , for j G Z, are defined by 

J^{S,f){X)F^^x = R\^\{2-^'\)HI){>^)Fo.,x- 

Remark 15. R is easy to see that 

AjU — u-k 2'^^ip{S2J •) and SjU — u-k 2'^^'ip{52j ■) 

which implies that those operators map L^ into L^ for all p G [l,oo] with norms which do not depend 
on j. 

Along the same lines as in the R'' case, we can define homogeneous Besov spaces on the Heisenberg 
group (see [I]). 

Definition 16. Let s G R &e given, as well as p and r, two real numbers in the interval [l,cx)]. The 
Besov space B'L ^(^1'^) is the space of tempered distributions u such that 



• 



The series X]-m ^g"" converges to u in ^'(H'*). 



def II II 

• ll"lli3=,_(H'') = ||2''1|A5m||lp(h^) 11^,^2;) < °°- 

Remark 17. Sobolev spaces H'^{M'^) have a characterization using Littlewood-Paley operators, as well 
as noninteger Holder spaces (see [l],[5]y). More precisely, one has H''{M'^) = _B|2(IHI'^) for any s G R, 
and for any peR\n, CP{m'^) = ^^.^^(H'^). 

2.3. Frequency localized functions and Bernstein inequalities on the Heisenberg group 

Let us first define the concept of localization procedure in the frequency space in the framework of the 
Heisenberg group. We will only state the definition in the case of smooth functions - otherwise one 
proceeds by regularizing by convolution (see [1] or [3]). 

Definition 18. Let C^n^r^) = C(0,ri,r2) be a ring ofM. centered at the origin. A function u in 5(IHI ) is 
said to be frequency localized in the ring 2^C(^nfir^\, if 

T{u){X)Fa,X = l(2|a|+d)-i22JC(^^,^^)(A)J^(M)(A)Fa,A. 
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Remark 19. Equivalently, a frequency localized function in the sense of Definition \18\ satisfies 

U = U-k (j)j, 

where (j)j — 2'^^(f){d2j ■), and (j> is a radial function in S{M'^) such that 

^(0)(A)F„,A - i?((2|a| + d)A)F„,A, 
with R compactly supported in a ring of R centered at zero. 

In order to estimate the cost of applying powers of the Laplacian on a frequency localized function, 
we shall need the following proposition, which ensures that the action powers of the Laplacian act as 
honiotheties on such frequency localized functions. The proof of that proposition may be found in [3]. 

Proposition 20 ([3J). Let p be an element of [l,oo] and let (ri,r2) be two positive real numbers. 
DeGne Cfri,r2) — C(0,ri,r2) the ring centered at the origin, of small and large radius respectively ri 
and r2. Then for any real number p, there is a constant Cp such that if u is a function defined on H'', 
frequency localized in the ring 2-'C(yj^.y7^) then 

3. Proof of Theorem H 

In this section we shall prove TheoremSJ assuming Lemma[3] It turns out that the proof is very similar 
to the R'' case, and we sketch it here for the convenience of the reader. 

Let us start by estimating |ji''e*'^B''M|JLP. Using Lemma[3]and the fact that the operator Aj commutes 
with the operator e h-^ , we can write 

Using the definition of the homogeneous Besov (semi) norm, we get 

where (crj)jez denotes, as in all this proof, a generic element of the unit sphere of £''(Z). In the 
case when r = oo, the required inequality comes immediately from the following easy result: for any 
positive s, we have 

supVi"22J^e-="^' <oo. (3.1) 

In the case when r < cx3, using the Holder inequality with the weight 2^-'''e~'^*^ and Inequality p.ip 
we obtain 

r-l 



"'O t P''- Jq \ J \,^ry 



/■OO 



2j ^ dt 



-ct22j r \dt 



This gives directly the result by Fubini's theorem. 

In order to prove the other inequality, let us observe that for any s greater than —1, we have 

dcf 
T^e-^dT = Cs. 
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Using the fact that the Fourier transform on the Heisenberg group is injective, we deduce the following 
identity (which may be easily proved by taking the Fourier transform of both sides) 

/■OO 

Jo 

Then Lemma [31 the obvious identity e^^n''u = e^^ii'^e2'^n''u and the fact that the operator Aj 
commutes with the operator e*^H<i , lead to 



\\Aju\\lp<C t'2^'^'+^^e-^'^''\\e''^^^'u\\Lpdt. (3.2) 

Jo 

In the case r = oo, we simply write 

supi"|le*^H^M|lLp) / 22^'(^+i)e-^*2^'di 

«>0 ^ Jo 

< C2^^' (sup t''\\e^'^ii''u\\ LP 



^t>o 
In the case r < oo, Holder's inequality with the weight e"'^*^ gives 

/ />oo \ 7^ / /-oo \ r—1 /.oo 

(/ t'e'^''"'\\e'^^^u\\Lpdt) < ( e'^'^"'dt\ / e^e-^'^"' We'^^^^^uWl^dt 

< C2-^3{r-i) / f'e-''''"'\\e'^^^u\\l,dt. 
Jo 
Thanks to (13.11) and Fubini's theorem, we infer from (13.21) that 



Y^2-^n\AM\lp < Cj^{^t2^^e-^'''y 






1"°° rl+ 

Jo i 



The theorem is proved. CI 



4. Proofs of Lemma [3] and Theorems [6] and [8] 

Now we are left with the proof of Lemma [31 as well as Theorems [HI and [51 Lemma [31 is proved in Para- 
graphical while the proofs of Theorems [51 and [51 can be found in Paragraphs l4.2l and 14.31 respectivelv. 

4.1. Proof of Lemma [31 

By density, it suffices to suppose that the function u is an element of 5(13''). Now the frequency 
localization of u in the ring /3C( /^r. /^pj) allows us to write 

.F(e*^^''u)(A)F„,, = e-*''^(4|;3-A|(2|.|+d))^l^l(^-2^)_^(^)(^)^^ ,^^ (4^^) 

with i?|c,|(A) = i?((2|a| + d)X) and B E I?(M \ {0}) is equal to 1 near the ring C(ri,r2)- We can then 
assume in what follows that /3 = 1. 

Since R belongs to I?(M \ {0}), Proposition [121 ensures the existence of a radial function y' e 5(IHI'') 
such that 

^(g*)(A)F„,, = e-*(4|^l(^l"l+'^))i?|„|(A)F„.,. 

We deduce that 

e^^ti-^u = u-kg*. 
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If we prove that two positive real numbers c and C exist such that, for all positive t, we have 

||g*|Ui(H^) < Ce--\ (4.2) 

then the lemma is proved. To prove (|4.2p . let us first recall that thanks to Proposition [T2l 

Now, we shall follow the idea of the proof of Proposition [T^ established in [1 to obtain Estimate (|4.2p . 
Let us denote by Q the sub-space of Li^ifi x M) (defined in (|2.1ip ) generated by the sequences [Qm) 
of the type 

Qm{X)^ f Q{i2m + f{a))X)P{X)dfi{a), (4.3) 

where fi is a bounded measure compactly supported on R", / is a bounded function on the support 
of /i, P is a polynomial function and Q a function of I?(R \ {0}) under the form 

Q{t) = e-4*l^l7'(tT)i?(T), (4.4) 

with V a polynomial and R a function of I?(R \ {0}). 

Now, let us recall the following useful formulas (proved for instance in [T] and [Sj). 

Lemma 21. For any radial function f G S{M'^), we have for any m > 1, 

T{{is~\z\^)f){m,X) =. A^/(™,A)-y(.F/(m,A)-.F/(m-l,A))/or A>0 and 
.F((zs-|zn/)(TO,A) = A^/(™,A) + ^^(.F/(m,A)-.F/(m+l,A))/or A < 0. 

Moreover, we have the following classical property on Laguerre polynomials : 

\L'^Z\yy^''^\<Cp{m + ^Y^ Vy>0, (4.5) 

Let us start by proving that for any integer fc, one has the following formula 

(zs-|zp)V(^,.s) = ^^ /'e-^^QW(A)4r'H2|A||zne-l^ll^l^|A|'^dA, (4.6) 

111 

where {Qm ) is an element of the space Q. By induction the problem is reduced to proving that for {Qm) 
element of Q, the sequence (Q^) defined as follows is still an element of Q: for all m > 1 

rj JY) 

Q*mW = ^Q,n(A)-y(Q™(A)-g„,_l(A)), A > 0, 
Q*mW = ^Qrn(A) + ^p(Q„(A)-0„,+ i(A)), A < 0. 

Let us for instance compute Q*^{\) for A > and m> 1. Considering (|4.3p . the Taylor formula implies 
that 

^(gm(A) - g,„-i(A)) = 2m / / Q'((2m + /(ct) - 2u)\)P{\)dudt^{a). 

A .Ivn .In 
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Therefore 

Q™(A) = / Qi{2m + fia))\)P'i\)df,ia) 



Q'{{2m + f{a))\)P{\)f{a)dix{a) 

+ 2 {2m + f{a)~2us)XQ"{{2m + f{cr)-2us)X)P{X)ududsdn{a) 

Jr" Jo Jo 

- 2 / / / Q"((2m + /(cr) - 2us)X)XP{\)ududsf{a)dn{<7) 
Jr" Jo Jo 

nl /.I 

/ Q"((2m + /(cr) - 2us)X)XP{X)u^dusdsdfi{a). 
10 Jo 

This proves that the sequence (Q^) belongs to the space Q. 
Now let us end the proof of Lemma [S] defining 



/i(z,s)= / e-^^^g,„(A)i(ri)(2|A||zne-l^ll^l'|A|'^dA, 



|/i(z,s)|<Ce-^* — • (4.7) 



with (Qm) element of Q, and in view of (|4.6|) it is enough to prove that there exist two constants c 
and C which do not depend on m, such that 

1 

9 
TO 

Due to the condition on the support of the function R appearing in (|4.4p , there exist two fixed constants 
which only depend on R, denoted ci and C2 such that 

fmi^.s)^ f f e-^'^Q{{2m + f{a))X)P{X)Lli-'\2\X\\zf)e-^^^^^^'df,{a)\X\''dX. 

JR" Jci<|(2m+/(<T))A)|<C2 

In view of (14.41) and (14.51). we obtain 



\fm{z,s)\<ca-i / e-^'m^-^d^xiam^dX, 

JR" Jci<|(2m+/(o-))A)|<C2 

which leads easily to (|4.7p and ends the proof of the lemma. □ 

4.2. Proof of Theorem E] 

The proof of Theorem [S] presented here relics on the maximal function on the Heisenberg group; before 
starting the proof let us collect a few useful results on this function, starting with the definition of the 
maximal function (the interested reader can consult [llj for details and proofs). 

Definition 22. Let f be in ^^^^^(H'^). The maximal function of f is defined by 



Mf{z, s) ^ sup \ |/(z', s')\dz'dg 

R>o m{B{(z, s), R)) Jb{{z,s}M} 

where m{B{(z, s), R)) denotes the measure of the Heisenberg ball B{{z,s),R) of center (z,s) and ra- 
dius R. 

The key propoerties we will use on the maximal function are collected in the following proposition. 
Proposition 23. The maximal function satisfies the following properties. 
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1. If f is a function in ^^(H ), with 1 < p < oo, then Mf belongs to L^{M. ) and we have 

II ^'^/ 1 1 LP (H'i) < ^pll/llLP(H<i): 

where Ap is a constant which depends only on p and d. 

2. Let If be a function in L^{M'^) and suppose that the function ip{w) ~ sup f{w') belongs 

p{w')>p{w) 

to L^{W^), where p denotes the Heisenberg distance to the origin defined in Reraark\^ Then for 
any measurable function f , we have 

(/*^)H <\mL^in-)Mf{w). 



Now we are ready to prove Theorem [S] By density we can suppose that / belongs to 5(IHI'^). Let us 
write 

/"OO 

and decompose the integral in two parts: 

rA POO 

Jo J A 

where A is a constant to be fixed later. 



On the one hand, by Theorem [H we have 

||e*'^--AM./|U~ < 






Therefore after integration we get 

/■oo 

/ ||e*^*'^AH./|Uoc<A^(-f)||/||.^,_„ 

J A B^Z (H 

On the other hand, denoting hy g = (— AHd)^/^ we have 



(H<i) 



„tA 



h^'Ah./ = , e*^H.(-^AH.)i-*g. 

{-ty 2 

It is well-known that the heat kernel on the Heisenberg group satisfies the second assumption of 
Proposition [22] (the reader can consult [5], [5] or [5]), so we deduce that 

e*^»'^(-iAH.)^-4ff(x)| < CsMgix), 

where Mg{x) denotes the maximal function of the function g. This leads to 



e'^»^A^.fdt 



< CA^Mgix) 



In conclusion, we get 



e*^H''AH./(x)di <c(AiMg{x)+A--^'-f)\\f\\ ,_„ ) 



B^,£, (H-i 



and the choice oi A such that A^p Adg{x) = ||/|| ,_« ensures that 



e'^»''A^afix)dt 



<CMg{xy-^\\f\\ 



B^^iM") 



Finally taking the L'' norm with q = J'_ , ends the proof of Theorem [6] thanks to Proposition [23l D 



N-ps 
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4.3. Proof of Theorem U 

The proof of Theorem [8] is shiiilar to the proof of Lemma [3] and relies on the following result. 
Lemma 24. The series 

h{z,s) = ^J2 /e-*^^e-4|^l(2™+^)L(;J-i)(2|A||zne-l^ll^l'|A|^dA. (4.8) 

converges in 5(1131''). 

Notice that Lemma [Ml implies directly the theorem, as by a rescaling, it is easy to see that the heat 
kernel on the Heisenberg group is given by 






n 



Proof of Lemma [24l Due to the sub-ellipticity of — Agd (see for instance [Tj), it suffices to prove that 
for any integers k and £, 

\\{-A^^Y{\zf ~ isfh\\^^^^^^ < oo. 

In order to do so, let us introduce the set Q of sequences (Qm) of the type 

Qm(A)=/ Q{{2m + e{a))X)P{X)dfi{a), (4.9) 

where /it is a bounded measure compactly supported on R", is a bounded function on the support 
of jU, P is a polynomial function and Q a function of C°°(R \ {0}) under the form 

Qir) =. e-4|-l75(r), (4.10) 

where P is a polynomial function. As in the proof of Lemma [3] and thanks to Formula (j2.8p and 
Lemma [5T1 we obtain 

A^.(|zp-z.)^-/i(z,.) ^ ^^ /'e-^«Q^„'=(A)4fi)(2|A||z|>H^II^I>|'^dA, 
with (Qfn) ^^ element of Q which ends the proof of the lemma thanks to (|2.1ip . D 
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